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  Metal is usually a close packed structure allowing maximum  
sharing of valence electrons in a non-directional bond 

 High electrical conductivity, decreasing when increasing T 

 Absorbs visible light (non-transparent, “shiny” due to re-
emission). 

 Good alloy formation (due to non-directional metallic bonds). 

 Small cohesive energy, low melting points 

General Properties of a Metal 



Ductile 
      Metals can be drawn into wire and hammered into sheets 



Conductors 
  Metals are good conductors of 
electricity and heat 



A chemical property of metal is 
its reaction with water and 
oxygen.  This results in 
corrosion and rust. 



 All valence electrons are completely delocalized 

 The remaining positive metallic ions are immobile. 

 The density of the electron gas is typically n ~1022/𝑐𝑐3, much larger than 
in a real gas. Nevertheless, interactions with other electrons and with ions 
are neglected in-between collisions 

 Sommerveld: all electrons occupy distinct electronic states 

     – The energy distribution follows the Fermi-Dirac statistics 



 The number of states depends on the volume of the system! 

 The Fermi wavevector 𝑘𝐹 = (3𝜋2𝜌)1/3 depends on the density of 
conduction electrons, not on the mass. The energy does depend on mass. 

 Even at T = 0K most electrons are in a state of finite energy: they are 
moving! 

 A typical Fermi energy 𝐸𝐹 = ℎ
2𝑚

(3𝜌
8𝜋

)2/3 ~3 eV corresponds to a 

temperature of around 3
0.025

∗ 300 = 36000K! 

 Only a minority fraction 𝑘𝐵𝑇 𝐸𝐹⁄  of the electrons can be thermally excited. 

 Note 𝑁 𝐸 = 4𝜋(2𝑚
ℎ2

)3/2 𝐸, ∫ 𝑁 𝐸 𝑑𝐸𝐸2
𝐸1  = number of states per unit 

volume in a certain energy range              𝐸𝑡𝑡𝑡 = 3
5
𝑁𝐸𝐹 





Fermi Parameters for Free Electron Metals 

𝑘𝐹 = (3𝜋2𝜌)1/3  



Electronic Specific Heat 



Transition Metals 

∫ 𝑁 𝐸 𝑑𝐸𝐸2
𝐸1

= 10  free electrons/atom for 𝑑10 



Transition Metals 

 Half filling of the band energy results in a gain in energy 
compared to the atomic levels 

 Dip in the middle due to spin alignment (Hunds rule) 

 The alignment of spins reduces the electrostatic 
repulsion (exchange energy K) between them.  



  Jellium Model (Drude free-electron model) 
 
 Uniform positive charge due to the ions, and homogeneous electron charge as 

well. 
  Focus on electrons. 

 
 Effective Medium Theory (EMT) 

 
 Norskov group.  
 Focus on ions. 
 

 Embedded Atom Method (EAM) 
 
 Sandia group. 
  Focus on ions 

  
 
EMT & EAM share similar underlying principles and have comparable ranges of 
applicability. 



  In Bulk:  
 
 Electron-hole pairs 
 Plasmons 
 Many other electrical and optical properties 

 
 At Surfaces: 

 
 Work functions 
 Image potentials 
 Charge oscillations and spilling 
 Dipolar layers  
 

 Clusters---Magic vs. Non-magic  
  
 



Modeling Surfaces 

electrons spill out 
from the surface 

Lang and Kohn, PRB 1,4555(1970) (the first?) 

Friedel oscillations 
in the electron 
density near the 
surface 

The jellium model 



Limitations of Jellium Model 
Lang and Kohn, PRB 1,4555(1970) 

Jellium model predicts that the surface energy diverges for 
metals with high electron density! 
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 Clusters as Superatoms 
 
Serving as important bridges between concepts between 
atoms and solids 

 
  “Small is different” 

 
Chemical 
  Magnetic 
Optical 
…  

 



 The findings of Magic number in inert gas and simple metal 
clusters 

Mass spectra reveal 
Magic numbers, indicating stability and structure 



The magic number of inert gas: 



Clusters are molecules that can be calculated using density 
functional theory 





Spherical jellium droplets 



The spherical jellium model 

+ Electronic structure in a positively charged sphere solved self consistently. 
+ It “builds in” metallicity. 
-Does not resolve shell discrepancies  

Spherical positive (jellium) background 

Electronic density 

Electronic “Spillout”  

Levels near Ef spill out beyond the jellium 

EFermi 

∆ 

Jellium (ionic) radius, Rion ∆ Rion 
Screening radius, Rion+ ∆  

W. Ekardt PRB 29, 1558 (1984) 



electrons 
ions 

The liquid, not the fish determines the shape of the droplet! 

That can be summarized as follows: 
Alkali clusters are like fish in a liquid droplet 





Schumacher: Shell structure is right, but spherical jellium is 
not a good model in explaining other properties. 



De Heer PhD thesis 1985 

Knight’s idea: molecular beam resonance experiments 
on very small clusters to explore “quantum size 
effects”.  



For a brief and accurate account of the discovery, see 
Science News,  July 19, 2008  by Walt de Heer,  Keith Clemenger,  
 Winston A. Saunders, in response to  story in 
Science News,  June 21, 2008 

Abundance spectrum measured for Na clusters 
(a) compares favorably with the calculated second-
order energy difference between neighboring clusters 
in a sequence (b). 



First indication of shells: the spectra evolve shell-by-shell  

Increasing carrier gas pressure 
(increasing cooling) 

Knight et al PRL 52, 2141 (1984), 



8 

20 

40 

58 

92 

Spherical potentials (delocalization) 

Knight et al PRL 52, 2141 (1984), 

De Heer, Rev. Mod. Phys.  65 1993 611 

Spherical potentials: produce 
shells, but discrepancies remain.  

“Woods-Saxon” potential (not Jellium) 
Unlike in atoms, for the energy levels of clusters, 
there is no limitation between radial quantum 
number n and angular quantum number l, due 
to.different confinement potentials 



S. Bjornholm, J. Borggreen 
Philosophical Magazine B, 1999 , 79, 1321 

Deep insight into the physics behind the shell stucture 

Nuclei and Metal Clusters:  

 Although the attractive forces behind the formation of metallic medium 
and nuclear medium are totally different, they share the property of being 
too weak to allow crystallization of the electrons or the nucleons, 
respectively.  

 In a crystal, each constituent is narrowly localized to its lattice position. 
This in turn implies a high zero-point energy, which the binding forces 
must be able to balance. If they cannot, the constituents will remain 
delocalized to the highest possible extent resulting in a liquid-like medium 
(the quantum liquid). 

 In the bulk metal, the positive ions, being much heavier than the electrons, 
have considerably lower zero-point energies and hence for their part are 
able to form a crystal lattice.  



  
 

Shell Structure 
 

The property of [metal clusters] that [valence electrons] occupy quantum states 
which are in groups of approximately the same energy, called shells, the number 
of [valence electrons] in each shell being limited by the Pauli exclusion principle  
 [nuclei,   atoms,   metal clusters] 
 [similar nucleons,  electrons, valence electrons]   

Model 
 
A model is a simplified description of the complex reality designed to reveal 
the main workings of a system. 

Shell structure is a property, not a model! 

Shell structure versus the Jellium model 



Atomic Shell Structure 
 
Simplest Model: Coulomb potential (Bohr atom) 
 Aufbau with independent electrons. 
 
First order corrections: 
  Many-body effects (screening):“Hunds Rules”; 
 
Shell closings (Periodic Table): 2, 10, 18, 36, 54, 86 



Nuclear Shell Structure 
 

  Simplest model:  
 3D harmonic potential;  
 Independent nucleons; 
 Magic Numbers: Σ(n+1)(n+2)  
  2, 8, 20, 40, 70, 112 
 
   First order corrections: 
 Spin-orbit coupling (Goeppert Mayer)  
 Rounded well (Woods-Saxon) 
 Ellipsoidal distortions  (eg Nilsson) 
 
    Shell closings (Magic Numbers):  
 2, 8, 20, 28, 50, 82, 126 
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Shell Structure in Alkali Clusters 
 
Simplest model:  
 3D isotropic harmonic potential  
 Independent electrons 
 Magic Numbers: Σ(n+1)(n+2)  2, 8, 20, 40, 70,112) 
 
First order corrections:  
 Rounded ellipsoidal well (Nilsson-Clemenger) 
 Major Shell closings: (2, 8, 20, 40, 58, 92)  
 Sub Shell closings: 10, 14, 18, 26, 30, 34, 50,… 



p, q single-electron momentum and position 
l:  angular momentum 
U: anharmonic amplitude  
n: shell index 

Harmonic oscillator potential Anharmonic correction  

Nilsson Hamiltonian (spheroidal model) 



Anharmonic Spheres 



Clemenger, PRB 32 1359 (1985) 

Anharmonic spheres with spheroidal distortions: Spheroidal 
electron droplet model  Cluster shapes are determined by the electronic structure 
 

26 30 
34 

50 
54 

18 
14 

+ Simplified description that reveals the main workings 
+ Resolves shell edge discrepancies of spherical models. 



3D harmonic oscillator model with ellipsoidal 
distortions (easy to calculate) 

Rx 
Ry 

Rz 

Single particle energies 



Total Energies 



Total Energy Surfaces 





W.A.de Heer, Rev. Mod. Phys.  65 611, (1993) 

Early measurements of metallic properties of clusters 

1. Polarizabilities (screening) 



Ionization potentials of large Na clusters 

2. Ionization potentials (Fermi level, screening )  



(multiple peaks reflect non-spherical shapes) 

Collective electron oscillations: 
(Very intense; almost exhaust the 
oscillator strength). 

 
 

Plasma resonances 
(electron-drop dominated shapes)  



Frank Condon overlap for photoelectron spectra 3D 
harmonic osc. model 



M. Springborg,  S.Satpathy. N. Malinowski, U. Zimmerman, T.P. Martin 

Shell structure around a hole: Alkali coated C60 

Photoionization mass spectra of 
C60/Cs(N) clusters with photons of 
various energies. 

The total energy differences Δ(𝑁) calculated from DFT 

Number of electrons in the jellium 

Cs(N) 



Cu@𝑨𝑨𝟏𝟏− 
𝑨𝑨𝟑𝟑 − 



𝑨𝑨𝟓𝟓 − 





Tetrahedral Structure 
 𝑇𝑑 of 𝐴𝐴20 



Mackey Ih series for TM  



(A) -3.121              (B) -3.055              (C) -2.691          
  

     (D) -2.530              (E) -1.693                (F) -1.557  
  

           (G) 0.000               (H) 1.557                (I) 1.904  
  

Is Ih-TM55 (such as 𝑹𝑨𝟓𝟓) magic or non-magic? 

For Ru55, the widely supposed stable candidates  [icosahedron (Ih, the structure G], 
and octahedron  (the structure I)] are actually dramatically less stable! 



 What is the mechanism that stablizes these more 
stable structures ?     

Etot=Ebulk+Esurf+Eedge =N×Eavg-bulk+S×αavg+L×βavg     (1) 

Wulff Construction 
doesn’t work! 
 
Edge energy plays the 
key role! 

The Wulff construction is a 
method for determining the 
equilibrium shape of a 
droplet or crystal of fixed 
volume inside a separate 
phase. Energy minimization 
arguments are used to show 
that certain crystal planes 
are preferred over others, 
giving the crystal its shape. 



                               What about other TM55?  

Almost all the 4d and 5d-TM55 are non-icosahedron! 



                 What is (are) the real magic number(s)? 

The edge energy shifts the well-known magic number 55 to even numbers 



  An Overview on Metals 
 
 Why clusters? 

 
 Discovery of magic metal clusters 
  
  Competing formation mechanisms of magic clusters 

 



  Shells (especially for simple metals with 
delocalized electrons) 
 Electronic shells 
 Atomic shells 

 
 Relativistic effects 

 
 Wulff constructions 
  
  Edge effects (generalized Wulff constructions) 

 



 Calculation the work function of Diamond (111) surface: Geometry 
optimization of unit cell, cleave the (111) surface, build the supercell and 
geometry optimization, calculating the electrostatic potential energy profile 

 Calculation the work function of Diamond (111) surface terminated 
by H  
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